In hydropower, the exploitation of small power sources requires the use of small turbines that combine efficiency and economy. Banki-Michell turbines represent a possible choice for their simplicity and for their good efficiency under variable load conditions. Several experimental and numerical tests have already been designed for examining the best geometry and optimal design of cross-flow type machines, but a theoretical framework for a sequential design of the turbine parameters, taking full advantage of recently expanded computational capabilities, is still missing. To this aim, after a review of the available criteria for Banki-Michell parameter design, a novel two-step procedure is described. In the first step, the initial and final blade angles, the outer impeller diameter and the shape of the nozzle are selected using a simple hydrodynamic analysis, based on a very strong simplification of reality. In the second step, the inner diameter, as well as the number of blades and their shape, are selected by testing single options using computational fluid dynamics (CFD) simulations, starting from the suggested literature values. Good efficiency is attained not only for the design discharge, but also for a large range of variability around the design value.
Introduction
The exploitation of renewable energy sources (RES) is necessary due to many contingent factors: increase in oil prices, depletion of fossil fuels and the emission limitations imposed by the Kyoto Protocol. The use of RES includes small hydroelectric power (less than 1-3 MW) located along small rivers [1, 2] or along water transmission and distribution pipeline systems [3, 4] and characterized by continual changes occurring in the turbine operating conditions (discharge and/or load).
Unfortunately, there is a lack of good design practice for small hydroelectric power-plants, probably because of the wide variability of the operating conditions (read variations in discharge and load, geometry of grip and release, etc.). Only a few authors provide guidelines [5, 6] and this deficit severely limits the uptake and development of minor hydropower plants.
Banki-Michell turbines-also called cross-flows-are frequently used along small rivers. Their popularity stems from the simplicity of design and construction. An analytical approach is generally used to assess the geometry of the turbine at the best efficiency point (BEP), based on the available experimental and numerical tests. A number of rules for the choice of turbine inlet, turbine impeller and turbine chamber parameters have also been given simply based on the results of numerical simulations. On the other hand, also due to the large range of possible operating conditions, Banki-Michell devices are still far from having a standard design rule and the development of the turbine for any specific case is still pioneering.
The State of the Art on Michell-Banki Parameter Design
The Michell-Banki turbine is an impulse turbine optimized to work with low flows (from a few liters per second to several hundred liters per second) and low jumps (from a few meters to hundreds of meters), ranking in the turbine-discharge-load diagram near the origin of the axes. Water, coming from a river or a pipe, is conveyed toward the impeller, housed in a special production chamber by a duct element with a rectangular section. A distributor may be present to partialize the duct section according to the actual discharge value. The impeller has the shape of an empty wheel, consisting of two circular plates linked by a series of blades, shaped so that the jet is directed towards the center of the wheel and then again crossing other blades before exiting. The jet then passes through the impeller and this is the origin of the name "cross-flow". The impeller is connected to an asynchronous generator for the electricity production.
An extensive literature review on the development of hydraulic cross-flow turbines, starting from the pioneering studies of Haimerl (1960) is reported in [7] [8] [9] [10] . Fiuzat and Akerkar [9] and De Andrade et al. [11] have shown that the water flow within the impeller still possesses an appreciable energy content when it reaches the blade output (the energy at the blade output is 25%-35% of the energy at the inlet blades), where there is a second energy transfer from the water flow to the turbine.
The consequence of this second transfer is that an important contribution to the overall efficiency of the machine comes from many features of the power-plant: the geometry of the supply line and the distributor, the hydrodynamic conditions inside the impeller and at the outlet. Assuming zero pressure at the impeller outlet, Mockmore and Merryfield [12] defined the hydraulic efficiency of the machine idr η as the ratio between the power available for production by the machine ( t P) and the input power in P related to the hydraulic head in H at the inlet of the machine, and for a given water discharge Q:
where g is the gravitational acceleration and ρ is the water density. The machine efficiency defined in Equation (1) is strongly affected by the geometry of the nozzle and the impeller. In Figure 1a vertical section and a plane view of a cross flow turbine is reported. The main impeller design parameters, shown in Figure 1 , are the following: the angle α between the particle velocity and the tangent direction at the impeller inlet, the outer and inner diameters D 1 and D 2 of the impeller, the angles β 1 and β 2 of each blade with respect to the tangent direction respectively at the outer and the inner diameters, the blade number and thickness, the angle λ of the arc available for the discharge inlet along the impeller outer circumference, and the ratio W/B, where B is the nozzle width and W is the impeller width. We assume in the first step of the design that the shape of the distributor is able to guarantee an approximately constant angle α all along the outer circumference of the inlet impeller. Mockmore and Merryfield suggest adopting an angle α equal to 16°, claiming that this is a good compromise between the need to maximize hydraulic and structural efficiencies [12] . Later, Fiuzat and Akerkar observed from experimental data that the maximum efficiency corresponds to an attack angle α equal to 24° [8] . In their experiments Aziz and Desai used a range of attack angle starting from 22° to 32° with steps of 2°, and observed that the maximum efficiency can be obtained with an attack angle α equal to 22° [10] . Moreover, Aziz and Totapally observed that with an angle of attack of 22° the efficiency of the turbine was about 90% [13] . Choi et al. investigated the effect of the turbine's geometry on performance and internal flow characteristics by using some computational fluid dynamics (CFD) simulations [14] . The results of this study highlighted that decreasing the attack angle, from 35° to 25°, the efficiency of the turbine increases accordingly by 60% to 80%. With this noted, previous studies show that α is probably the most important design parameter and it should be set at the minimum value compatible with the structural and technological needs of the blades and the maximum size of the impeller. A 22° value is suggested by several authors [10, 13] .
Mockmore and Merryfield [12] suggested the following relationship between α and β 1 value:
Relationship (2) can be motivated by the need to avoid abrupt discontinuities between particle velocity immediately inside and outside the rotating impeller. The angle β 1 that avoids any discontinuity in the path of the water particle entering the impeller is the one that satisfies the following condition:
where V r is the radial component of the particle velocity V and ω is the angular velocity of the rotating reference system. We will show in the following section that Equation (3) is equivalent to Equation (2) when the velocity of the rotating system is half of the component of the particle velocity in the tangent direction. Many researchers agree that the optimum value of β 2 is π/2 [10] [11] [12] [13] . This value provides a radial direction to the relative outlet velocity inside the impeller at the inner diameter (D 2 ), and this leaves to the fluid, in the inner part of the impeller, only the energy of the rotating system, which can be recovered during the next blade crossing. Mockmore and Marryfield [12] derived the expression of the maximum efficiency according to some restrictive hypotheses and to Relationship (3), as a function of the angle α:
where C and Ψ are reduction parameters (proposed equal to 0.98), depending respectively on the nozzle and on the impeller geometry.
An increment in the diameter ratio (D 2 /D 1 ) corresponds to a stronger curvature of the impeller blades, because the blade angle has to shift from the β 2 to the β 1 value in a shorter distance. This implies stronger turbulence, but also a shorter distance for energy transfers. Aziz and Totapally suggest that the maximum efficiency is achieved with a diameter ratio of 0.68 [13] .
The effect of the number of blades N b on turbine efficiency has been explored by experimental and numerical studies [13] [14] [15] [16] [17] . The studies showed that an increment in the blade number has a positive impact on the efficiency of the turbine, due to a more regular velocity profile inside the space between each couple of blades. In particular, Aziz and Totapally observed that an increment in efficiency can be obtained by increasing the number of blades from 15 to 35 [13] . On the other hand, a further increase provides larger energy dissipation due to a strong effect of the blades solid walls. Choi et al., using CFD analyses, observed the same trend as Aziz, but the maximum efficiency of the turbine was obtained in the case of an impeller with 30 blades [14] .
Aziz and Desai [10] and Nakase et al. [18] carried out a series of experiments by which they observed that the flow stream spread W/B can have a positive effect on turbine performance, with an increment in efficiency, up to a spread value W/B of 1.5. The reason is that the normal section of the flow rate entering the impeller from the blades is subject in the radial direction of the plane normal to the turbine axis to: (1) a restriction due to the radial convergence of the particle trajectories; (2) an extension due to the centrifugal forces. When these two effects do not balance each other, an extension of the flow section in the axis direction is possible. In this case, the 3D behavior of the velocity field is important, as well as the corresponding numerical modeling. Experimental studies [8, 9, 18] showed that the inlet discharge angle (λ) influences cross-flow efficiency. For a given flow rate, a smaller arc corresponds to higher inlet velocities, but also to a smaller divergence of the particle paths after entering the impeller from the blades. The authors of the mentioned papers [8, 9, 18] observed that a nozzle with λ = 90° is more efficient than a nozzle with λ = 120°. It is important to optimize the shape of the distributor in order to obtain an almost constant α angle along the impeller outer circumference. This optimization allows one to limit the variation of the velocity directions close to the blades' surfaces. De Andrade et al. have shown through experiments that for a fluid draft entry angle of α = 16°, the actual input angles vary between 7° and 23° [11] . Lastly, to ensure stable flow conditions within the impeller, it is important to provide the production chamber with one or more air inlets, in order to adjust the depression which arises in the chamber as a result of air entrainment by the jet. Choi et al. have shown through numerical experiments that increased air supply can increase the efficiency of the turbine, and explained this result with a better flow exit angle from the impeller [14] .
The previous results are summarized in Table 1 . 
The Proposed Two-Step Design Procedure
The referenced studies on the design of the Banki-Michell turbine were heavily based on laboratory tests and, more recently, on numerical simulations of single cases, but a theoretical framework for a fast sequential design of the turbine parameters is still missing.
In the present paper a standard procedure is proposed for the design of a Banki-Michell turbine, based on two different steps. The first step is the design of the outer diameter of the impeller D 1 and of the blade attack angle β 1 , for given water discharge Q and hydraulic head H, as well as of the nozzle profile. The maximum efficiency attainable in these conditions is derived from the Euler's equation for rotating machines and from the assumption of zero energy dissipation inside the nozzle. The other impeller parameters are estimated by testing single options by means of CFD analysis. The inner diameter D 2 is optimized by evaluating the efficiency of the turbine for different values of the diameter ratio D 2 /D 1 ; the inner radius blade, the attack angle, the number of blades, their shape and the inner/outer diameter ratio are optimized starting from known literature results. Computations can be carried out in cases both of zero downstream pressure (where the air phase is present in the impeller case) and non-zero downstream pressure (where the impeller case is fully pressurized).
The power P t transferred from the current flow to the rotating system, according to the Euler's equation can be written in the following form:
where V  is the particle velocity, U  is the velocity of the rotating reference system and Q is the water discharge (see Figure 2 ). The underlying assumption is that there is a radial symmetry of the velocities along all the inlet and outlet arc of both the inner and outer impeller circumferences. This is, of course, a simplification of reality. The particles with low inlet velocity could not even enter the impeller, due to the centrifugal forces (as mentioned in [13] ). The power in Equation (5) has four components, which we call P 1 , P 2 , P 3 and P 4 . Assuming a β 2 blade angle equal to π/2, the sum of the second and third components is equal to:
because on the blade surface the component of the particle velocity in the direction of the reference system velocity is equal to the norm of the same velocity (U 2 = U 3 ). If a further assumption is made by neglecting the fourth power component P 4 , and assuming that almost all the fluid energy has been either transferred or dissipated before leaving the impeller, the only component affecting the turbine efficiency remains the first one. Thus, Equation (5) could be simplified and becomes:
( )
Equation (6) holds if the norm V at point 1 (see Figure 2 ) is the same immediately inside and outside the impeller and the velocity continuity must also hold around the blade surface. Because a simplifying assumption is made that the velocity has radial symmetry at the impeller inlet, Equation (6) only holds if the norm U of the velocity of the reference system is equal to the component of the particle velocity V  in the tangent direction minus the tangential component of the relative velocity W  (see Figure 2 ). This implies the equality:
where W 1,t is the tangential component of the relative velocity W  . Thus, Equation (6) can be written as:
All the energy of the entering flow can be either dissipated or transferred to the rotating system if:
and, in the ideal case of
Moreover, if we assume that the relative velocity W  satisfies Equation (9), we can see from Equation (8) that the efficiency ηof the turbine has an upper theoretical limit, given by the constraint:
as already found by Mockmore and Merryfield [12] with a different procedure.
First Step: Design of Basic Parameters
Equations (4) and (10), even if obtained from a strong simplification of reality, highlight why the inlet velocity angle α is such an important design parameter. On the other hand, we will show in the following sections that its choice has a strong impact on the inlet width B and on the resulting structural stress.
Let us assume the water discharge Q, the hydraulic head H and the angular velocity ω to be input data of the problem and the design inlet discharge angle λ to be taken from the literature experience. If we assume the optimal value of the relative tangent velocity to maintain the value computed in Equation (9), we can compute either the diameter D 1 or the α angle by substituting Equation (9) in Equation (7) . Assuming that 1 
, we obtain:
Equation (11) allows one to compute either the outer diameter D 1 starting from the α angle, or vice versa. Once both D 1 and the inlet velocity angle α are known, the blade β 1 angle can be computed as the inverse of the tangent function, equal to the ratio between the velocity relative components, that is:
Observe that, when the angular velocity of the reference system (ω) is equal to half the velocity component in the tangent direction and condition (9) is attained, the same optimal relationship between α and β as suggested by Mockmore and Merryfield [12] , and already mentioned in Equation (2), is found.
The main nozzle parameters are the following: the nozzle initial height S 0 , its width B and the shape of the wall between its tip and the initial rectangular section with height S 0 (see Figure 1) . The height S 0 is a function of the specific water discharge q (per unit width), and this can be directly computed according to the continuity equation applied at the inlet of the impeller:
Mass conservation requires (see Figure 1 ):
The lower (plane) wall of the initial nozzle forms an angle α with the tangent direction in the initial point of the impeller inlet arc. The same angle α is formed by the direction of the upper wall with the tangent direction at the tip of the nozzle.
It is observed that the specific discharge q is proportional to sin α (see Equation (13)) and that the impeller width B is inversely proportional to q (see Equation (14)). The choice of the angle α and the outer diameter D 1 stems mainly from a balance between the search of a low angle α (and a high hydraulic efficiency according to Equation (10)) and the need to limit the width B of the nozzle resulting from Equation (14), because the blade length W (W > B) strongly affects the mechanical stress inside the same blades. Moreover, by reducing the angle α, the ratio between the free inlet surface of the impeller and the total inlet surface of the same impeller drops due to the enhanced effect of the blade thickness.
The shape of the upper wall has been defined by adopting a linear relationship between the radius of curvature r and the angle θ, that is the angle between the radial and the horizontal directions, as shown in Figure 3a . The linear variation of the upper wall of the nozzle is aimed to get an approximately constant angle α along the impeller inlet. The reason is that, assuming a constant angle α and a constant velocity norm V (that is to say neglecting energy dissipation) with such an upper wall profile, mass continuity is globally satisfied in each partial volume where the entering flux surface is proportional to the remaining arc length (see Figure 3b) . In each partial volume depicted in Figure 3b , neglecting the transition zone between the no-slip velocity at the upper wall and the fully developed internal velocity, the entering and the leaving fluxes (q e and q l respectively) are equal to:
where r V ⋅ is the radial velocity. According to this hypothesis the upper wall radius r(θ) is equal to:
where K is a constant. The radius r at the nozzle initial height S o can be calculated as: 
Equations (17) and (18) make it possible to calculate the constant K in Equation (16), as:
The hypothesis of a homogeneous attack angle along the impeller inlet will be further validated with reference to a specific case.
Second Step: Impeller Parameters Optimization
The variation in the diameter ratio D 2 /D 1 affects the efficiency of the cross-flow turbine: an increment of the diameter ratio leads to a reduction in the blade radius, a reduction of the blade surfaces and a shorter distance for energy transfers. In order to select the optimal internal diameter D 2 , a sensitivity analysis on the diameter ratio can be carried out by using a fluid dynamic investigation. As will be shown in the methodology testing, the sensitivity analysis often leads to a diameter ratio very close to the 0.68 literature value.
After the diameter ratio has been chosen, the geometry of the inner blade surface can easily be calculated. For simplicity, this surface is designed as part of a cylinder, whose axis is located at the intersection of the two directions orthogonal to the relative velocities at the inlet and at the outlet, as shown in Figure 4 . The exit angle β 2 is set equal to 90° and the blade radius b ρ and the central angle δ can be computed as follows: Figure 4 . Blade geometry.
Other impeller parameters are the inlet angle, the shaft diameter, the number of blades and their thickness as function of the radius r. All these parameters must be selected according to a numerical fluid and structural dynamic investigation. In order to obtain an impeller with the maximum efficiency, the width of the impeller B was initially set larger than the nozzle width W, W/B = 1.5, in agreement with some previous studies [10, 18] .
Fluid Dynamic Investigation by CFX Code
Fluid dynamic calculations were performed for a specific case to show the practical implementation of the design strategy outlined in the previous two-step procedure. A first series of simulations were carried out by using a quasi 2D model, in order to reduce the computational time. Because the implemented software (ANSYS-CFX) does not allow two-dimensional fluid dynamic simulations [19] , the 2D problem was solved by generating a mesh extruded to a single layer and by imposing symmetry on the two side faces. A second series of 3D numerical simulations was carried out in order to verify whether the flow stream spread W/B has a positive effect on turbine performance. In the two series of simulations the computational domain was divided using both tetrahedral and prismatic elements. The prismatic elements were used to discretize the computational domain inside the near-wall region along the blades and the boundary surfaces, where a boundary layer is present, while the tetrahedral elements were used to discretize the remaining domain. The algorithm used in CFX to create the tetrahedral element discretization is called "Patch Conforming", that is a Delaunay tetra mesher with an advancing-front point insertion technique used for mesh refinement [19] . The prismatic elements were created by using the "Pre Inflation" algorithm, so the surface mesh would be inflated first, and then the rest of the volume mesh could be generated [19] . In Figure 5 , an example of the mesh used for the 2D simulation series is shown: in this configuration the two physical domains of the stator (nozzle and casing) and the rotor were divided into 35,801 and 65,422 finite volumes, respectively. In the second set of simulations, the 3D domain is still divided into two sub-domains, rotor and stator. As shown in Figure 6 , the 3D domain was divided into two symmetric parts, but only one was modeled and solved, assuming an impermeable boundary along the symmetry plane. The computational domain was discretized with tetrahedral elements and, close to the boundary surfaces, with prismatic elements in order to capture the strong gradients of the physical/cinematic flow variables. In this way the stator and the rotor domains were divided into 679,605 and 2,667,986 finite volumes, respectively. These choices allowed a strong reduction in the computational time. The quality of the mesh was verified by using a pre-processing procedure by ANSYS® ICEM CFD™ [19] . Both water and air phases were modeled in the computational domain according to the free surface homogeneous model [19] : according to this model the two fluids share the same dynamic fields of pressure, velocity and turbulence. In homogeneous multiphase flow, two phases coexist: water (w) and air (a). This is denoted as l α , l ρ , l μ and l U ; respectively, the volume fraction, the density, the viscosity and the mean in time value of velocity vector for phase l (l = w, a), that is: 
where S i is an external source term. The momentum equation is instead referred to the "averaged" phase:
where ⊗ is the dyadic symbol; S M is the momentum of the external source term S; eff μ is the effective viscosity accounting for turbulence and defined as:
where t μ is the turbulence viscosity and p′ is the modified pressure, equal to:
where k is the turbulence kinetic energy, defined as the variance of the velocity fluctuations; and p is the pressure. All the phases share the same pressure p and the same velocity .
U To close the set of six governing scalar equations [Equations (22) and (23) (two) and Equation (24) (three)], a k ε − turbulence model is applied. The unknowns of the problem are: (1) pressure p; (2) the scalar components U i (i = 1, 2, 3 of the velocity field); and (3) the volume fraction of each phase (two). The computational domain is divided into two sub-domains: the stator (nozzle and casing) has an inertial reference system; the rotor (impeller) has a non-inertial reference system, integral with the rotation axes of the rotor. In the CFX code, the interface model "general connection" was set, since the reference system changes at the interface of the abovementioned sub-domains. The "transient rotor-stator" option was also selected to take into account the transient effects along the abovementioned interface. Using this option, the interface position was updated at each time step, and the relative position of the grids on each side of the interface changes. At the entrance of the nozzle volume fractions were set at zero for air and one for water. At the base of the production chamber, at the water outlet, a pressure value of 1 atm was imposed as a boundary condition, enabling the possible flow of air from the outside towards the inside of the machine. The same boundary condition was imposed in the nodes along the air vents.
Impeller Design Testing
As already stated in the previous section, two series of simulation were performed: 2D simulations were carried out to define the optimum geometry of the impeller with the exception of the optimal W/B ratio, while 3D simulations were carried to investigate the optimal value of the spread ratio W/B. For each series of numerical computations the same project input data was used: water discharge Q equal to 60 l/s, angular velocity ω equal to 757 rpm, input velocity norm V equal to 13.7 m/s. The outflow boundary condition is set equal to zero relative pressure. The cross flow turbine is assumed to be an action machine. According to this assumption, the computed relative pressure at the nozzle inlet should be zero. If this was not the case, the resulting inlet total head would be equal to the kinetic energy corresponding to V, plus the computed piezometric depth. The attack angle α , the outer diameter of the impeller D 1 , parameters B, β 1 and the profile of the nozzle external wall (parameters S o and K) were computed according to Equations (11)- (19) reported in step 1 of the procedure. The geometry of the impeller blades ( b ρ and δ) was computed according to Equation (20), reported in step 2 of the procedure, assuming a diameter ratio D 2 /D 1 equal to 0.68, as suggested in the literature [8, 13, 18] . It was also assumed that a value α = 22° provides the best equilibrium between hydraulic efficiency and mechanical strength, as also suggested in the literature [10, 13] . The other parameters were initially set equal to the values suggested in the literature. The geometry of the resulting cross flow turbine is reported in Table 2 . 
2D-Simulations: Optimum Geometry Tests
Through this series of simulations the optimum geometry of the cross flow was refined. The first set of numerical simulations was conducted to verify how the number of blades affects impeller efficiency, neglecting the effect of the nozzle shape and assuming a known velocity with norm V and attack angle α equal to 22° along the outlet border of the nozzle. These simulations were carried out taking into account two physical domains: the rotor (impeller) and the stator, formed only by the casing of the turbine. The discretization of the fluid domain, the boundary and the initial conditions of this set of numerical simulations is described in section 4. The rotor and stator domains, made of tetrahedral and prismatic elements, were divided into 64,757 and 19,844 finite volumes, respectively. One of the meshes used for these simulations is reported in Figure 7 . Three impellers with a different number of blades N b equal to 30, 35 and 40 were investigated. For each simulation, the efficiency of the cross-flow turbine was calculated as the ratio between the power supplied to the impeller (applied torque T times the impeller angular velocity ω) and the power lost by water passing through the turbine (difference between the hydraulic power of the water flow in the inlet and in the outlet of the turbine):
where P inlet and P outlet are the hydraulic power of the water flow in the inlet and in the outlet of the turbine:
The simulation was carried out until steady state conditions were reached (corresponding to a simulation time T s = 1.5 s). In the simulation, a time step size T Δ of 0.001 sec was selected. In Figure  8 the time series of the instantaneous output power (P out ) corresponding to the three abovementioned configurations are shown. The efficiency displays regular oscillations, decreasing along with the number of blades N b . The time averaged value of the output power P out is equal to 5.12 KW for 30 blades (Figure 8a ), 5.20 KW for 35 blades and 5.07 KW for 40 blades, while the averaged efficiency for the impeller with 30, 35 and 40 blades is, respectively, 87%, 88.4% and 86%. The optimum configuration was the impeller with 35 blades, in agreement with the experimental investigations in [13] . Assuming the number of blades N b = 35, a numeric simulation was carried out in order to test the efficiency of the impeller with the nozzle designed by using Equations (16) (17) (18) (19) . To this aim the velocity norm V and the attack angle α along all the inlet of the impeller were computed by removing the idealized boundary condition assigned in the previous tests and solving the problem along the entire computational domain presented in Section 4. This simulation was performed taking into account two physical domains-rotor and stator-as also described in Section 4, with a total simulation time T s of 1.5 s. For each time step the value of the turbine efficiency η was estimated by using Equations (27a-27b). The plot of the instantaneous output power P out versus time is reported in Figure 9 and this shows that the output power is about 5.02 KW. The time averaged value of the efficiency η drops slightly to a value of 85.39%, with a limited 3.01% reduction. It should be observed for the final step of the simulation that: (T s = 1.5 sec), the tangential velocity V t (V cosα ), the radial velocity V r (V sinα ) and the attack angle α evaluated at the middle points between two consecutive blades along all the inlet arc of the impeller (ξ), respectively, as shown in Figure 10 (V t and V r ) and in Figure 11 (a). The average value of V t was about 14 m/s, the average value of V r was about 5 m/s and both remained almost constant along ξ. The attack angle α has an average value of about 21°, very close to the optimal α value suggested in the literature and adopted in the design procedure (step 1 and step 2). Moreover in Figure 12 , it can be seen that the velocity norm V did not change significantly inside the nozzle. This validates the hypothesis of negligible energy dissipation. Table 3 . The impellers analyzed in the set of simulations had 35 blades and the nozzle external wall was designed according to Equations (11) (12) (13) (14) (15) (16) (17) (18) (19) . The mesh of the physical domains, the boundary and initial conditions of the numeric simulations are the same described in paragraph 4. The duration of each simulation was 1.5 seconds with a time step of 0.001 sec. The time averaged efficiency a η for the proposed tests is reported in Figure 13 . It can be observed that the best efficiency was obtained for a diameter ratio It should be noted in Figure 14 that the angle α computed along the inlet arch showed the same trend for each of the analyzed diameter ratios and was very close to the 22° project value.
The previous set of 2D computational fluid dynamic analyses made it possible to define the optimum geometry of the cross flow turbine. In Table 4 the list with all the optimum parameters of the designed turbine is shown. The efficiency curve of this turbine was estimated using the same tool in order to verify its performance with different values of the ratio V t /U. The efficiency curve of the turbine, reported in Figure 15 , shows that the peak of efficiency was in the range 1.8 ÷ 2.0. This result is in agreement with the assumption represented by Equation (11) . Moreover, the average efficiency of the turbine was greater than 80% for a value of V t /U varying between 1.2 and 3.0 (corresponding to a water discharge varying between 35 l/s and 90 l/s). In Figures 16-18 the distributions of the water volume fraction, the velocity field, and the pressure in the simulated sub-domains for the optimum configuration are shown. Finally, it should be observed that the relative pressure computed at the inlet of the nozzle was close to zero. This is consistent with the classification of "action turbine" given to the cross-flow machine and allows easy estimation of the turbine characteristic curve, where the upstream hydraulic head is mainly given by kinetic energy of the flow rate at the nozzle inlet.
The cross flow designed with this procedure has an impeller without the rotating shaft. To complete the bi-dimensional analysis it is important to test the effect of the rotating shaft on the efficiency of the turbine. Starting from the optimum geometry of the designed turbine, whose geometric parameters are reported in Table 4 , an additional series of simulations were carried out considering an impeller with a rotating shaft of 20 mm diameter. The results of these simulations are summarized in the efficiency curve in Figure 19 . In this figure the efficiencies of the turbine with and without the rotating shaft are compared. As shown in Figure 19 , even if the trend of the curves is quite similar, the rotating shaft reduces the efficiency of the designed turbine. In particular, the reduction in efficiency increased as the water discharge increased; for the discharge project value (Q = 60 l/s) the efficiency reduction was about 4%. 
3D-Simulations: Spread Ratio Tests
A second series of numerical simulations were carried out in order to test the effect of the flow stream spread W/B on the turbine performance, using a fully 3D numerical approach. The mesh and the boundary conditions used in these simulations are described in section 4. The instantaneous output power P out calculated for two different ratios W/B, equal respectively to 1.5 and 1.0, are plotted in Figure 21 versus time. The resulting average efficiencies were respectively, 78% and 85%, while the respective power outputs were 4.73 KW and 5.03 KW. This result suggests that, at least in this particular case, the use of a larger stream spread W/B equal to 1.5 does not improve the efficiency of the turbine, in disagreement with the results of Aziz and Desai [10] . Indeed, when the nozzle has the same width as the impeller (W/B = 1) the average efficiency is 85%, against the 78% value obtained for W/B = 1.5. Also observe that the average efficiency obtained for the W/B = 1 value using a 3D approach is very close to the ratio computed using a more simple 2D approach. This validates the overall procedure, based on 2D computations. 
Conclusions
Banki-Michell turbines are a feasible choice for the exploitation of small hydropower sources because of their simplicity and their good efficiency, but a complete step-by-step procedure for their design was missing to the authors' knowledge. Starting from a theoretical study of the behavior of the machine, a two-step procedure has been proposed here. In the first step, some critical design parameters were theoretically estimated, on the basis of some simplifying assumptions. In the second step, the influence on the efficiency of the remaining design parameters was analyzed by means of CFD numerical testing. The new design procedure was applied to the development of a specific power plant, for a given design point, i.e., the hydraulic head H and the water discharge Q. In this test case the turbine with 35 blades and an attack angle equal to 22° exhibited at the design point a high efficiency η equal to 86%. The 2D CFD analyses showed that the linear nozzle ensures an almost constant value of the angle of attack and confirms the simplifying hypothesis of negligible energy dissipation inside the impeller, which is a cornerstone of the theoretical approach. The number of blades and the diameter ratio has little influence on the peak efficiency, while the authors found that the presence of the shaft does not affect the characteristic curve, but leads to a considerable reduction in efficiency. The 3D simulations-carried out for the designed optimal configuration-suggest an optimal value of the ratio between the width of the impeller and of the nozzle equal to one; this validates the adopted 2D approach, but disagrees with previous literature results [10] .
